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We present novel mixed-integer programming (MIP) formulations for optimization over nonconvex piece-
wise linear functions. We exploit recent advances in the systematic construction of MIP formulations to
derive new formulations for univariate functions using a geometric approach, and for bivariate functions
using a combinatorial approach. All formulations are strong, small (so-called logarithmic formulations), and
have other desirable computational properties. We present extensive experiments in which they exhibit sub-
stantial computational performance improvements over existing approaches. To accompany these advanced
formulations, we present PiecewiseLinearOpt, an extension of the JuMP modeling language in Julia that
implements our models (alongside other formulations from the literature) through a high-level interface,
hiding the complexity of the formulations from the end-user.
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1. Introduction
Consider a piecewise linear function f :DÑ R, where D Ď Rn. That is, f can be described by a
partition of the domain D into a finite family tCiudi“1 of polyhedral pieces, where for each piece Ci
there is an affine function f i :CiÑR such that fpxq “ f ipxq for all x PCi. In this work, we will study
methods to solve optimization problems containing piecewise linear functions. This encompasses
cases where f appears either in the objective function (e.g. minx fpxq), or in a constraint (e.g. the
feasible domain for the optimization problem is partially defined by the inequality fpxq ď 0).
The potential applications for this class of optimization problems are legion. Piecewise linear
functions arise naturally throughout operations (Croxton et al. 2003, 2007, Liu and Wang 2015)
and engineering (Fu¨genschuh et al. 2014, Graf et al. 1990, Silva et al. 2012). They are a natural
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choice for approximating nonlinear functions, as they often lead to optimization problems that
are easier to solve than the original problem (Bergamini et al. 2005, 2008, Castro and Teles 2013,
Geißler et al. 2012, Kolodziej et al. 2013, Misener et al. 2011, Misener and Floudas 2012). For
example, there has been recently been significant interest in using piecewise linear functions to
approximate complex nonlinearities arising in gas network optimization (Codas and Camponogara
2012, Codas et al. 2012, Martin et al. 2006, Mahlke et al. 2010, Misener et al. 2009, Silva and
Camponogara 2014); see Koch et al. (2015) for a recent book on the subject.
If the function f happens to be convex, it is possible to reformulate our optimization problem
into an equivalent linear programming (LP) problem (provided that D is polyhedral). However,
if f is nonconvex, this problem is NP-hard in general (Keha et al. 2006). A number of special-
ized algorithms for solving piecewise linear optimization problems have been proposed over the
years (Beale and Tomlin 1970, de Farias Jr. et al. 2008, 2013, Keha et al. 2006, Tomlin 1981).
Another popular approach is to use mixed-integer programming (MIP) to encode the logical con-
straints x PCi ùñ fpxq “ f ipxq using auxiliary integer decision variables. There are many possible
ways to do this, and the MIP approach to modeling optimization problems containing piecewise
linear functions has been an active and fruitful area of research for decades (Balakrishnan and
Graves 1989, Croxton et al. 2003, D’Ambrosio et al. 2010, Dantzig 1960, Jeroslow and Lowe 1984,
1985, Keha et al. 2004, Lee and Wilson 2001, Magnanti and Stratila 2004, Markowitz and Manne
1957, Padberg 2000, Sherali and Wang 2001, Vielma and Nemhauser 2011, Vielma et al. 2010,
Wilson 1998). This line of work has produced a large number of MIP formulations that exploit the
high performance and flexibility of modern MIP solvers (Bixby and Rothberg 2007, Ju¨nger et al.
2010), with varying degrees of success. The 2010 Operations Research paper of Vielma et al. (2010)
compiled these formulations into a unified framework and provided extensive comparisons of their
computational performance. Notably, they showcase the substantial computational advantage of
logarithmic formulations (Vielma and Nemhauser 2011), so-called because their size scales loga-
rithmically in the number of piecewise segments. This work has subsequently sparked attempts to
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construct logarithmic formulations for other nonconvex constraints (Huchette and Vielma 2018,
Huchette et al. 2017, Vielma 2017). However, the complexity of the logarithmic formulations has
resulted in a relatively low rate of adoption in practice, despite their computational efficacy.
In this paper, we study piecewise linear functions as a case study for recent developments in
the systematic construction of advanced MIP formulations for nonconvex structures. We present
novel logarithmic formulations for piecewise linear functions that improve on the state-of-the-art,
and also provide accessible software modeling tools that hide the resulting complexity of these
formulations from end users. Specifically, the main contributions of this paper are:
1. For univariate functions: A 1.5-3x speed-up on harder instances. In Section 3
we present new formulations for univariate piecewise linear functions that preserve the size and
strength of the existing logarithmic formulations, while significantly improving their branching
behavior. We show how these formulations computationally outperform the crowded field of existing
formulations in regimes that are known to be problematic for existing formulations. To accom-
plish this, we adapt the geometric formulation construction technique of Vielma (2017) to develop
an unorthodox MIP formulation that exploits general integer (rather than binary) variables. We
believe that our results suggest that general integer formulations are a fruitful direction for future
MIP formulation research.
2. For bivariate functions: An order-of-magnitude speed-up. In Section 4 we study
bivariate piecewise linear functions with generic grid triangulated domains, extending and applying
the combinatorial formulation construction technique of Huchette and Vielma (2018) to develop
several families of novel logarithmic formulations. Along the way, we show that for the dis-
junctive constraints considered in this work (the vast class of “combinatorial disjunctive con-
straints” (Huchette and Vielma 2018)), the common loss of strength resulting from intersecting
MIP formulations is entirely avoided (Theorem 2). Finally, we show that the formulations we derive
offer a significant computational advantage over existing techniques.
3. An accessible modeling library for advanced formulations. In Section 5, we present a
PiecewiseLinearOpt, an extension of the JuMP algebraic modeling language (Dunning et al. 2017)
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that offers a high-level way to model piecewise linear functions in practice. The package supports
all the MIP formulations for piecewise linear functions discussed in this work, and generates them
automatically and transparently from the user. We believe that easy-to-use modeling interfaces
such as PiecewiseLinearOpt are crucial for the practical adoption of advanced MIP formulations
like those presented in this work.
2. Piecewise linear functions and combinatorial disjunctive constraints
Consider a continuous1 piecewise linear function f : DÑ R, where D Ă Rn is bounded. We will
describe f in terms of the domain pieces tCi Ď Dudi“1 and affine functions tf iudi“1 as above; we
assume that the pieces cover the domain D and that their interiors do not overlap. Furthermore,
we assume that our function f : RnÑ R is non-separable and cannot be decomposed as the sum
of lower-dimensional piecewise linear functions. This is without loss of generality, as if such a
decomposition exists, we could apply our formulation techniques to the individual pieces separately.
Finally, we will focus primarily on the regime where the dimension n of the domain is relatively
small: when f is either univariate (n “ 1) or bivariate (n “ 2) with a grid triangulated domain;
see Figure 1 for an illustrative example of each. Low dimensional piecewise linear functions are
broadly applicable (especially with the non-separability assumption), and are sufficiently complex
to warrant in-depth analysis. We tabulate notation we will use for the remainder in Table 1.
Notation Formal Definition DescriptionJdK t1, . . . , du All integers from 1 to d
Rně0 tx PRn | xě 0 u Nonnegative orthant in n-dimensional space
∆V
 
λ PRVě0
ˇˇ ř
vPV λv “ 1
(
Unit simplex on ground set V
supppλq t v P V | λv ‰ 0 u Nonzero values (support) of λ
P pT q tλ P∆V | supppλq Ď T u Face of the unit simplex given by components T
extpP q - Extreme points of polyhedra P
grpfq t px, fpxqq | x P dompfq u Graph of the function f
rV s2 t tu, vu P V ˆV | u‰ v u All unordered pairs of elements in V
EmpT ,Hq Ťd
i“1 P pT iqˆ tHiu Embedding of disjunctive constraint (where Hi is the i-th row of H)
ConvpSq - Convex hull of S
QpT ,Hq ConvpEmpT ,Hqq Convex hull of embedding
affpHq - Affine hull of the rows of H
LpHq t y´H1 | y P affpHq u Linear space parallel to the affine hull affpHq (where H1 is first row of H)
Mpbq t y PLpHq | b ¨ y“ 0 u The hyperplane in LpHq normal to b
VolpDq - Volume of set D
A˚B t tu, vu | u PA,v PB u Unordered pairs of elements in A and B
Table 1 Notation used throughout the paper.
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Figure 1 (Left) A univariate piecewise linear function, and (Right) a bivariate piecewise linear function with a
grid triangulated domain.
In order to solve an optimization problem containing f , we will construct a formulation for
its graph grpfq def“ t px, fpxqq | x PD u, which will couple the argument x with the function out-
put fpxq. We can view the graph disjunctively as the union grpfq “ Ťdi“1Si, where each Si “
t px, f ipxqq | x PCi u is a segment of the graph.
Example 1. Consider the univariate piecewise linear function f : r1,5sÑR with the domain pieces
C1 “ r1,2s, C2 “ r2,3s, C3 “ r3,4s, and C4 “ r4,5s, where
x PC1 ùñ fpxq “ 4x´ 4, x PC2 ùñ fpxq “ 3x´ 2, (1a)
x PC3 ùñ fpxq “ 2x` 1, x PC4 ùñ fpxq “ x` 5. (1b)
The graph of the piecewise linear function is then
grpfq “  px,4x´ 4q ˇˇ x PC1 (Y px,3x´ 2q ˇˇ x PC2 (Y px,2x` 1q ˇˇ x PC3 (Y px,x` 5q ˇˇ x PC4 ( .
Similarly, we take the bivariate piecewise linear function g : r0,1s2 ÑR with the domain partition
C1 “ tx P r0,1s2 | x1 ď x2 u and C2 “ tx P r0,1s2 | x1 ě x2 u, and
x PC1 ùñ gpxq “´x1` 3x2` 1, x PC2 ùñ gpxq “ x1`x2` 1. (2)
The corresponding graph is
grpgq “  px1, x2,´x1` 3x2` 1q ˇˇ x PC1 (Y  px1, x2, x1`x2` 1q ˇˇ x PC2 ( .
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We refer the reader to Vielma et al. (2010) for an exhaustive taxonomy of existing MIP formu-
lations for piecewise linear functions. In this work, we will build formulations for piecewise linear
functions using the combinatorial disjunctive constraint approach (Huchette and Vielma 2018).
Given a piecewise linear function, take the family of sets T “ pT i “ extpCiqqdi“1 corresponding
to the extreme points of each piece of the domain Ci. This describes the underlying combinato-
rial structure among the segments of of the graph, induced by the shared breakpoints over the
ground set V “Ťdi“1 T i. Define ∆V def“  λ PRVě0 ˇˇ řvPV λv “ 1 ( as the standard simplex, supppλq def“
t v P V | λv ‰ 0 u as the nonzero values (support) of λ, and P pT q def“ tλ P∆V | supppλq Ď T u as the
face of the standard simplex with support restricted to T . Then we can express the graph in terms
of T as grpfq “
!ř
vPV λvpv, fpvqq
ˇˇˇ
λ PŤdi“1P pT iq). In particular, we can build a formulation for
f through the combinatorial disjunctive constraint λ PŤdi“1P pT iq (Huchette and Vielma 2018),
which is a disjunctive constraint on convex multipliers λ where each alternative P pT iq is some face
of the unit simplex ∆V .
Example 2. Take f as given in Example 1. The graph of this function has d“ 4 segments, and
the breakpoints between segments are given by the set V “ Jd` 1K. We have that px, zq P grpfq if
and only if px, zq “řvPV pv, fpvqqλv for some λ PŤ4i“1P pti, i` 1uq.
Similarly, for the function g as in Example 1, we can take V “ t0,1u2 and observe that
px, zq P grpgq if and only if px, zq “ řvPV pv, fpvqqλv for some λ P P ptp0,0q, p1,0q, p1,1quq Y
P ptp0,0q, p0,1q, p1,1quq.
For the remainder, we assume without loss of generality (w.l.o.g.) that V “ Jd`1K for univariate
functions, and that V “ Jd1 ` 1K ˆ Jd2 ` 1K for bivariate functions. We also note that the con-
straint λ PŤd`1i“1 P pti, i` 1uq from Example 2 is the classical special ordered set of type 2 (SOS2)
constraint (Beale and Tomlin 1970).
The logarithmic formulations of Vielma and Nemhauser (2011) apply to several special classes of
combinatorial disjunctive constraints, including SOS2 constraints. These logarithmic formulations
have been observed to perform extremely well computationally; this can be largely attributed to
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their strength and size. With regards to strength, the formulations are ideal : their LP relaxations
offer the tightest possible convex relaxation for the underlying nonconvex set grpfq, and their
extreme points naturally satisfy the desired integrality condition (see Vielma (2015) for more
about formulation strength). Moreover, the formulations are small, as the number of auxiliary
variables and (general inequality) constraints scale logarithmically in the number of segments of the
piecewise linear functions. The novel formulations presented in this work will also possess these two
properties. Moreover, we will also design them to have other desirable computational properties
(univariate functions in Section 3), and such that they apply to a much larger class of piecewise
linear functions than previously considered (bivariate functions in Section 4). To achieve this, we use
and extend two recent generalizations of Vielma and Nemhauser (2011): the geometric embedding
formulation technique of Vielma (2017), and the combinatorial independent branching formulation
technique of Huchette and Vielma (2018). When applied to the SOS2 constraint, these techniques
yield two formulations we denote the logarithmic embedding (LogE) and the logarithmic independent
branching (LogIB) formulations, respectively. Both formulations are quite similar; however, while
LogIB always exactly coincides with the original logarithmic formulation of Vielma and Nemhauser
(2011), LogE only does so when d is a power-of-two (Muldoon 2012) (we provide an example of
this divergence in Appendix B). These two formulations will serve as the reference benchmark
formulation in our computational experiments.
3. Formulations for univariate piecewise linear functions
In this section we will adapt a geometric formulation construction method to build novel strong
logarithmic formulations for univariate piecewise linear functions.
3.1. The embedding approach
The embedding approach of Vielma (2017) provides one way to construct strong formulations for
disjunctive constraints. To formulate
Ťd
i“1P pT iq, assign each alternative P pT iq a unique integer
code Hi P Zr. We call the collection of all codes as rows in a matrix H P Zdˆr an encoding, where
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Hi is the i-th row of H. Then the disjunctive set is “embedded” in a higher-dimensional space
as EmpT ,Hq def“Ťdi“1pP pT iq ˆ tHiuq. In the case studied by Vielma (2017) where H P t0,1udˆr is
a binary encoding, this easily leads to a MIP formulation for
Ťd
i“1P pT iq. However, we will be
interested in constructing formulations using general integer encodings, which requires some care
to ensure that the embedding leads to a valid formulation.
Definition 1. Take the matrix H PZdˆr, and the collection of its rows as Λ“ tHiudi“1.
• H is in convex position if extpConvpΛqq “Λ.
• H is hole-free if ConvpΛqXZr “Λ.
Take Hrpdq def“
 
H PZdˆr ˇˇH is hole-free and in convex position, and each Hi is distinct (.
The following straightforward extension of Proposition 1 and Corollary 1 in Vielma (2017) shows
that encodings in Hrpdq always lead to valid formulations.
Proposition 1. Take the family of sets T “ pT i Ď V qdi“1, along with rě rlog2pdqs and H PHrpdq.
Then QpT ,Hq def“ConvpEmpT ,Hqq is a rational polyhedron, and an ideal formulation for Ťdi“1P pT iq
is t pλ,yq PQpT ,Hq | y PZr u. We call this the embedding formulation of T associated to H.
In general, constructing a linear inequality description of QpT ,Hq is difficult, the resulting repre-
sentation may be exponentially large, and its structure is highly dependent on the interplay between
the sets T and the encoding H. Fortunately, (Vielma 2017, Proposition 2) gives an explicit descrip-
tion of QpT ,Hq for the SOS2 constraint with any choice of binary encoding H. This description
is geometric, in terms of the difference directions Hi`1´Hi between adjacent codes. In particular,
we will need to compute all hyperplanes Mpbq def“ t y PLpHq | b ¨ y“ 0 u spanned by these difference
directions in LpHq def“ t y´H1 | y P affpHq u, the linear space parallel to the affine hull of H. The fol-
lowing straightforward extension of Proposition 2 from Vielma (2017) shows that this description
also holds for any encoding in Hrpdq.
Proposition 2. Take H PHrpdq, along with H0 ”H1 and Hd`1 ”Hd for notational convenience.
Let B Ă LpHqzt0ru be normal directions such that tMpbqubPB is the set of hyperplanes spanned by
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tHi`1´Hiud´1i“1 in LpHq. If T “ pti, i` 1uqdi“1 is the family of sets defining the SOS2 constraint on
d` 1 breakpoints, then QpT ,Hq is equal to all pλ,yq P∆d`1ˆ affpHq such that
ÿd`1
v“1 mintb ¨Hv´1, b ¨Hvuλv ď b ¨ yď
ÿd`1
v“1 maxtb ¨Hv´1, b ¨Hvuλv @b PB.
Consider the class of encodings Kr PHrpdq for r“ rlog2pdqs known as Gray codes (Savage 1997),
where adjacent codes differ in exactly one component (i.e.
∥∥Krj`1´Krj ∥∥1 “ 1 for all j P Jd´ 1K).
This class of encodings enjoys the desirable property that the spanning hyperplanes needed for
Proposition 2 are parsimonious and simple to describe in closed form. For the remainder, we will
work with a particular Gray code known as the binary reflected Gray code (BRGC); see Appendix A
for a formal definition.
We can construct the logarithmic embedding (LogE) formulation for the SOS2 constraint due to
Vielma (2017) by applying Proposition 2 with the BRGC. This formulation is ideal, and its size
scales logarithmically in the number of segments d.
Example 3. The LogE formulation for the SOS2 constraint with d“ 4 (arising in (1)) is:
λ3 ď y1, λ1`λ5 ď 1´ y1, λ4`λ5 ď y2, λ1`λ2 ď 1´ y2, pλ,yq P∆V ˆt0,1u2. (3)
3.2. Branching behavior of existing formulations
As observed by Vielma et al. (2010) and in our computational experiments, logarithmic formu-
lations such as LogE can offer a considerable computational advantage over other approaches,
particularly for univariate piecewise linear functions with many segments (i.e. large d). However,
it has also been observed that variable branching with logarithmic formulations such as LogE can
produce weak dual bounds (e.g. Martin et al. (2006), Rebennack (2016), Yildiz and Vielma (2013)).
To quantitatively assess relaxation strength after branching, we consider two metrics. The first
is the volume of the projection of the LP relaxation onto px, zq-space (cf. (Lee et al. 2018) for a
recent work using volume as a metric for formulation quality). The second is the proportion of the
function domain where the LP relaxation after branching is stronger than the LP relaxation before
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branching. More formally, if D is the domain of f , F is the projection of the original LP relaxation
onto px, zq-space, and F 1 is the same projection of the LP relaxation after branching, then we
report 1
VolpDq Vol
` 
x PD ˇˇminpx,zqPF z ăminpx,zqPF 1 z (˘, which we dub the strengthened proportion.
We turn to the LogE formulation for d“ 4 given in Example 3. The mapping from the λ variables
to the original space is px, zq “ p0,0qλ1 ` p1,4qλ2 ` p2,7qλ3 ` p3,9qλ4 ` p4,10qλ5. Qualitatively, in
the top row of Figure 2 we see that the LP relaxation, projected onto the px, zq-space of the graph
grpfq, remains largely unchanged in the down-branching subproblem (i.e. when we branch y1 ď 0).
This is undesirable, as it will not improve dual bounds in a branch-and-bound setting, which is
crucial to ensuring fast convergence. Quantitatively, the strengthened proportion for this down-
branch is 0, and so when minimizing f , the dual bound will be the same after branching as for the
original LP relaxation (assuming both are feasible). From this, it is reasonable to infer that the
high-performance of the LogE formulation is due to its strength and small size, and in spite of its
poor branching behavior.
In contrast, the traditional SOS2 constraint branching (Beale and Tomlin 1970) induces much
more balanced branches in px, zq-space. Additionally, the incremental Inc formulation (Dantzig
1960, Padberg 2000, Croxton et al. 2003) is a MIP formulation that induces the same branching
behavior, which we depict in the bottom row of Figure 2. Quantitatively, both up- and down-
branching result in subproblems with a strengthened proportion of 1, meaning that the formulation
will always lead to strictly stronger dual bounds when minimizing f . In particular, we highlight the
incremental branching behavior of the Inc formulation in the px, zq-space: after selecting for branch-
ing a binary variable yk (Inc has d´1 binary variables, so k P Jd´1K), the only points px, zq P grpfq
feasible for the down-branch (resp. up-branch) are those that lie on segments 1 to k´ 1, Ťk´1i“1 Si
(resp. k to d,
Ťd
i“k S
i). Additionally, the Inc formulation is hereditarily sharp: each subproblem LP
relaxation projects to exactly the convex hull (either ConvpŤk´1i“1 Siq or ConvpŤdi“k Siq) of the seg-
ments feasible for that subproblem (Jeroslow and Lowe 1984, Jeroslow 1988). This combination has
been observed to lead to very balanced branch-and-bound trees (Yildiz and Vielma 2013, Vielma
2015), and the Inc formulation has been observed to perform very well for small d, before its size
(which scales linearly in d) becomes overwhelming (see the computational results in Section 3.4).
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Figure 2 (Left) The LP relaxation of an ideal formulation (e.g. LogE) (3) projected onto px, zq-space. The LogE
formulation after (top center) down-branching y1 ď 0 and (top right) up-branching y1 ě 1. The Inc
formulation after (bottom center) down-branching y1 ď 0 and (bottom right) up-branching y1 ě 1.
3.3. New zig-zag formulations for the SOS2 constraint
We now present new embedding formulations for the SOS2 constraint that retain the size and
strength of the LogE formulation, while repairing its degenerate branching behavior. For the remain-
der of the subsection, assume without loss of generality (w.l.o.g.) that d is a power-of-two. Other-
wise, construct the formulation for d¯“ 2rlog2pdqs and fix the extraneous λv variables to zero.
Take Kr PHrpdq as the BRGC for d“ 2r elements. Our first new encoding is the transformation
of Kr P t0,1udˆn to Cr P Zdˆr, where Cri,k “
ři
j“2
ˇˇ
Krj,k´Krj´1,k
ˇˇ
for each i P JdK and k P JrK. In
words, Cri,k is the number of times the sequence pKr1,k, . . . ,Kri,kq changes value, and is monotonic
nondecreasing in i. Our second encoding will be Zr P t0,1udˆr with Zri “ ApCri q for each i P JdK,
where A :RrÑRr is the linear map given by Apyqk “ yk ´řr`“k`1 y` for each component k P JrK.
We show the encodings for r “ 3 in Figure 3, and include formal recursive definitions for them
in Appendix A, where we additionally show that Cr,Zr PHrpdq. Applying Proposition 2 with the
new encodings gives two new small, strong formulations for the SOS2 constraint.
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Proposition 3. Take r “ rlog2pdqs, along with Cr0 ”Cr1 and Crd`1 ”Crd for notational simplicity.
Then two ideal formulations for the SOS2 constraint with d segments are given by
ÿd`1
v“1C
r
v´1,kλv ď yk ď
ÿd`1
v“1C
r
v,kλv @k P JrK, pλ,yq P∆d`1ˆZr (4)
and
ÿd`1
v“1C
r
v´1,kλv ď yk`
ÿr
`“k`1 2
`´k´1y` ď
ÿd`1
v“1C
r
v,kλv @k P JrK, pλ,yq P∆d`1ˆt0,1ur. (5)
We dub (5) the binary zig-zag (ZZB) formulation for the SOS2 constraint, as its associated binary
encoding Zr “zig-zags” through the interior of the unit hypercube (See Figure 3). We will refer to
formulation (4) as the general integer zig-zag (ZZI) formulation because of its use of general integer
encoding Cr P Zdˆr. We emphasize that ZZI and ZZB are logarithmically-sized in d and ideal: the
same size and strength as the existing LogE formulation.
y1K31
K38
y3
y2
y1C31
C38
y3
y2
y2Z31
Z38
y1
y3
Figure 3 Depiction of K3 (Left), C3 (Center), and Z3 (Right). The first row of each is marked with a dot, and
the subsequent rows follow along the arrows. The axis orientation is different for Z3 for visual clarity.
To study the branching behavior of the ZZI formulation, we return to the SOS2 constraint with
d“ 4 from Example 3. The formulation consists of all pλ,yq P∆5ˆZ2 such that
λ3`λ4` 2λ5 ď y1 ď λ2`λ3` 2λ4` 2λ5, λ4`λ5 ď y2 ď λ3`λ4`λ5. (6)
We have two possibilities for branching on y1, depicted in Figure 4: down on y1 ď 0 and up on
y1 ě 1, or down on y1 ď 1 and up on y1 ě 2. We note that after imposing either y1 ď 0 or y1 ě 2,
the relaxation is then exact, i.e. the relaxation is equal to exactly one of the segments of the graph
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of f . Furthermore, when imposing either y1 ď 1 or y1 ě 1, we deduce a general inequality on the
λ variables that improves the strengthened proportion relative to LogE: either λ1 ď λ4 ` λ5 or
λ5 ď λ1`λ2, respectively.
Statistic LP Relaxation LogE 0 Ó LogE 1 Ò Inc 0 Ó Inc 1 Ò ZZI 0 Ó ZZI 1 Ò ZZI 1 Ó ZZI 2 Ò
Volume 6 5.5 0.5 0 2 0 3.5 3.5 0
Strengthened Prop. 0 0 1 1 1 1 0.5 0.5 1
Table 2 Metrics for each possible branching decision on z1 for LogE, Inc, and ZZI applied to (1).
As we see qualitatively in Figures 2 and 4 and quantitatively in Table 2, the ZZI formulation
yields LP relaxations after branching that are stronger and more balanced than those of the
LogE formulation. In Appendix C, we offer a more complex example with an 8-segment concave
piecewise linear function where this effect is even more pronounced. An instructive way to interpret
the branching of ZZI is that it emulates the SOS2 branching induced by the Inc formulation.
In particular, the ZZI formulation also induces incremental branching, but has slightly weaker
subproblem relaxations compared to the Inc formulation as it does not maintain the hereditary
sharpness property. In this way, the ZZI formulation maintains the size and strength of the LogE
formulation, while inducing branching behavior that is much closer to the Inc formulation.
3.4. Univariate computational experiments
To evaluate the new ZZI and ZZB formulations against the existing formulations for univariate
piecewise linear functions, we reproduce a variant of the computational experiments of Vielma
et al. (2010), with the addition of the ZZB and ZZI formulations. Although the LogIB formulation
outperformed the rest of the formulations considered in Vielma et al. (2010), it has also been
observed that logarithmic formulations tends to suffer from a significant performance degradation
when the number of segments d of the piecewise linear functions is not a power-of-two (Vielma and
Nemhauser 2011, Coppersmith and Lee 2005, Muldoon 2012, Muldoon et al. 2013). Therefore, we
will focus on problems of this form in our computational experiments. This is precisely the setting in
which LogE and LogIB (which we will introduce more formally in Section 4.1) are not equivalent, and
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Figure 4 The LP relaxation of the ZZI formulation (6) projected onto px, zq-space, after down-branching y1 ď 0
(top center), up-branching y1 ě 1 (bottom center), down-branching y1 ď 1 (top right), and up-
branching y1 ě 2 (bottom right).
so we include both variants in our experiments. Finally, we also include the previously mentioned
Inc formulation, the MC, CC, and DLog formulations as described by Vielma et al. (2010), as well as
the SOS2 native branching (SOS2) implementation of the corresponding MIP solver. We evaluate
our formulations on single commodity transportation problems of the form
min
xě0
ÿ
iPS
ÿ
jPD
fi,jpxi,jq
s.t.
ÿ
iPS
xi,j “ dj @j PD,
ÿ
jPD
xi,j “ si @i P S,
where we match supply from nodes S with demand from nodes D, while minimizing the trans-
portation costs given by the sum of continuous nondecreasing concave univariate piecewise linear
functions fi,j for each arc pair in SˆD.
We perform a scaling analysis along two axes: the size of the network (i.e. the cardinality of S
and D), and the number of segments for each piecewise linear function fi,j. Regarding the first axis,
we study both small networks (|S| “ |D| “ 10) and large networks (|S| “ |D| “ 20). Regarding the
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second axis, we study families of instances where each piecewise linear function has d P t6,13,28,59u
segments. We use CPLEX v12.7.0 with the JuMP algebraic modeling library (Dunning et al.
2017) in the Julia programming language (Bezanson et al. 2017) for all computational trials, here
and for the remainder of this work. All such trials were performed on an Intel i7-3770 3.40GHz
Linux workstation with 32GB of RAM. For each trial, we allow the solver to run for 30 minutes
to prove optimality before timing out. For each formulation and each family (d P t6,13,28,59u) of
100 instances, we report the average solve time, standard deviation in solve time, and the number
of instances for which the formulation was either the fastest (Win), or was unable to prove to
optimality in 30 minutes or less (Fail).
We start by studying the small network instances in Table 3. We observe that the Inc formulation
is superior for smaller function instances (i.e. with functions with fewer segments). Additionally,
the LogE and LogIB formulations have similar performance on all families of instances. We observe
that the new ZZI and ZZB formulations are the best performers for larger function instances, and
one of the two is the fastest formulation for every instance in the largest function family with
d“ 59. Additionally, ZZI and ZZB both offer roughly a 2x speed-up in average solve time over LogE
and LogIB for most families of instances (d P t13,28,59u).
We repeat the same experiments with the Gurobi v7.0.2 solver, and include the results in
Appendix D. Gurobi has a relatively superior implementation of native SOS2 branching that works
very well for small and medium function instances. However, it performs very poorly on large
function instances (timing out on 98 of 100 instances with d“ 59), and we again observe that the
ZZI formulation offers a roughly 1.5-2x speedup over the existing LogE and LogIB formulations
for these larger function instances. Interestingly, we observe that the LogIB formulation also runs
1.5-2x faster than the LogE formulation on medium and larger function instances.
In Table 4 we present computational results for the large network instances. Here we observe a
roughly 2-3x average speed-up on larger function instances for our new formulations over previous
methods. Moreover, we highlight that the new formulations have lower variability in solve time, and
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d Metric MC CC SOS2 Inc DLog LogE LogIB ZZB ZZI
6
Mean (s) 0.6 3.8 1.1 0.6 1.1 1.4 2.6 1.1 0.9
Std 0.3 4.1 1.5 0.3 1.0 1.2 2.4 0.9 0.5
Win 35 0 7 46 5 1 0 4 2
Fail 0 0 0 0 0 0 0 0 0
13
Mean (s) 3.0 71.2 4.5 1.7 4.6 4.4 4.2 2.4 2.6
Std 3.1 152.0 5.8 0.7 3.5 3.4 3.0 1.8 1.7
Win 11 0 9 47 11 0 0 15 7
Fail 0 0 0 0 0 0 0 0 0
28
Mean (s) 18.4 178.9 87.4 5.5 11.1 8.8 8.9 5.1 4.6
Std 26.0 359.3 309.3 4.4 8.1 5.6 5.4 3.7 2.7
Win 1 0 6 14 1 0 0 37 41
Fail 0 3 3 0 0 0 0 0 0
59
Mean (s) 348.7 541.0 664.3 17.1 19.1 16.3 16.0 9.8 9.3
Std 523.7 610.3 746.4 14.9 11.3 10.3 9.3 6.1 5.0
Win 0 0 0 0 0 0 0 41 59
Fail 7 13 26 0 0 0 0 0 0
Table 3 Computational results for univariate transportation problems on small networks.
d Metric MC CC SOS2 Inc DLog LogE LogIB ZZB ZZI
28
Mean (s) 828.0 1769.3 1498.6 196.9 242.1 332.9 295.8 147.4 98.0
Std 714.3 211.5 646.9 206.8 282.2 430.4 387.9 228.2 144.4
Win 0 0 11 6 1 1 5 10 66
Fail 28 97 80 0 1 2 2 1 0
59
Mean (s) 1596.9 1800.0 1800.0 793.4 777.1 749.3 753.5 328.7 273.1
Std 475.7 - - 557.7 593.5 593.3 591.3 383.0 341.6
Win 0 0 0 2 0 1 1 29 67
Fail 82 100 100 11 15 16 17 2 2
Table 4 Computational results for univariate transportation problems on large networks.
Metric MC CC SOS2 Inc DLog LogE LogIB ZZB ZZI
Mean (s) 1663.4 1800.0 1800.0 710.6 752.4 793.1 796.0 319.3 261.4
Std 298.7 - - 529.9 555.0 570.9 554.4 392.7 316.7
Win 0 0 0 4 0 1 0 27 53
Fail 78 85 85 10 15 17 18 2 1
Margin - - - 207.0 - 5.6 - 320.1 348.9
Table 5 Difficult univariate transportation problems on large networks.
time out on fewer instances than the existing methods. With d“ 28, the SOS2 approach works very
well for easier instances, winning on 11 of 100, though its variability is extremely high, timing out
on 80 of 100 instances. The existing Inc, DLog, LogE, and LogIB formulations all perform roughly
comparably.
In Table 5, we focus on those large network problems that are difficult (i.e. no approach is
able to solve the instance in under 100 seconds) but still solvable (i.e. one formulation solves the
instance in under 30 minutes). We see that the new zig-zag formulations are the fastest on 80
of 85 such instances. We also report the average margin: for those instances for which a given
new (resp. existing) formulation is fastest, what is the absolute difference in solve time between
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it and the fastest existing (resp. new) formulation? In this way, we can measure the absolute
improvement offered by our new formulation on an instance-by-instance basis. Here we see that
the new formulations offer a substantial improvement on these difficult instances, with an absolute
decrease of 5-6 minutes in average solve time over existing methods. Finally, we highlight that
there are 5 instances that our new formulations can solve to optimality and for which all existing
formulations are unable to solve in 30 minutes.
4. Formulations for bivariate piecewise linear functions
Bivariate piecewise linear functions possess a much more complex structure than their univariate
counterparts, which means that constructing logarithmic formulations for them is also correspond-
ingly more difficult. This combinatorial structure is endowed by the pattern in which the domain
is triangulated, the choice of which determines the values which the bivariate piecewise function
takes (see Figure 5 for an illustration). Although it is possible to extend the geometric construction
of Proposition 2 to the bivariate setting (Huchette and Vielma 2017), this technique requires us
to compute the hyperplanes spanned by high-dimensional vectors a la Proposition 2, which is, in
general, very difficult. Instead, we turn to a combinatorial approach.
f1p0,0q “ 1
f1p1,0q “ 0
f1p0,1q “ 2
f1p1,1q “ 3
f1p0.5,0.5q “ 2
f2p0,0q “ 1
f2p1,0q “ 0
f2p0,1q “ 2
f2p1,1q “ 3
f2p0.5,0.5q “ 1
Figure 5 Two bivariate functions over D“ r0,1s2 that match on the gridpoints, but differ on the interior of D.
4.1. Independent branching formulations
The original logarithmic formulation LogIB of Vielma and Nemhauser (2011) for the SOS2 con-
straint is derived from the class of independent branching formulations, which offers a combi-
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natorial way of constructing formulations. Huchette and Vielma (2018) offer a complete charac-
terization of its expressive power, as well as a graphical procedure to systematically construct
independent branching formulations. Given a ground set V and a family of subsets pT iqdi“1 of
V describing the combinatorial disjunctive constraint, the procedure from Huchette and Vielma
(2018) constructs a biclique cover for the conflict graph G “ pV,Eq given by the edge set E “
t tu, vu P rV s2 | tu, vu Ę T i for all i P JdK u, where rV s2 def“ t tu, vu P V ˆV | u‰ v u. A formulation for
the disjunctive constraint can then be directly obtained from this biclique cover as follows.
Proposition 4 (Huchette and Vielma (2018)). Let T “ pT i Ď V qdi“1 be the family of sets cor-
responding to either a univariate piecewise linear function, or a bivariate piecewise linear function
with a grid triangulated domain. Take E as the edge set for the conflict graph corresponding to T .
If tpAk,Bkqurk“1 is such that E “
Ťr
k“1pAkˆBkq, then an ideal independent branching formulation
for
Ťd
i“1P pT iq isÿ
vPAk λď yk,
ÿ
vPBk λv ď 1´ yk @k P JrK, pλ,yq P∆V ˆt0,1ur. (7)
We say that tpAk,Bkqurk“1 is a biclique representation of T with r levels. Intuitively, this formulation
ensures that, for each level k, either λv “ 0 for all v PAk, or λv “ 0 for all v PBk.
As motivation, we return to Example 2 to construct the logarithmic independent branching
formulation for the SOS2 constraint, LogIB, as introduced by Vielma and Nemhauser (2011).
Example 4. Take the SOS2 constraint with d“ 4 (as seen in (1)). The edge set for the conflict
graph is E “ tt1,3u, t1,4u, t1,5u, t2,4u, t2,5u, t3,5uu, which admits a biclique representation with
the sets A1 “ t3u, B1 “ t1,5u, A2 “ t4,5u, and B2 “ t1,2u. The corresponding LogIB formulation
is then
λ3 ď y1, λ1`λ5 ď 1´ y1, λ4`λ5 ď y2, λ1`λ2 ď 1´ y2, pλ,yq P∆V ˆt0,1u2. (8)
See Figure 6 for an illustration. As noted previously, LogIB formulation (8) coincides with the LogE
formulation (3) because d is a power-of-two; see Appendix B for an instance where this is not the
case.
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1 2 3 4 5 1 2 3 4 5
Figure 6 The biclique cover for the conflict graph G of the SOS2 constraint in Example 4. (Left) The first level
with A1 and B1 are diamonds and squares, respectively; and (Right) similarly for A2 and B2 in the
second level. For each level, covered edges are solid and omitted edges are dashed.
4.2. Independent branching formulations for bivariate piecewise linear functions
Recall that, using Proposition 4, we can immediately construct a formulation for a bivariate func-
tion that is ideal and of size Oprq if we can find a biclique cover with r levels for the correspond-
ing conflict graph. Vielma and Nemhauser (2011) consider a highly structured grid triangulation
known as the J1 or Union Jack (Todd 1977), and (implicitly) present a biclique cover with r “
rlog2pd1qs ` rlog2pd2qs ` 1 levels. More recently, Huchette and Vielma (2018) propose an inde-
pendent branching formulation under a weaker structural condition involving the existence of a
certain graph coloring using at most r“ rlog2pd1qs` rlog2pd2qs` 2 levels, as well as a independent
branching formulation for arbitrary grid triangulations with r “ rlog2pd1qs` rlog2pd2qs` 9 levels.
In this work, we present a new, smaller formulation that is applicable for any grid triangulation.
Theorem 1. There exists an independent branching formulation for a bivariate grid triangulation
over V “ Jd1Kˆ Jd2K of depth rlog2pd1qs` rlog2pd2qs` 6.
To prove the result, we will explicitly construct the corresponding biclique cover through a
two-stage construction. Recall that we would like to construct a biclique cover for the conflict
graph G“ pV,Eq, where E “ t tu, vu P rV s2 | tu, vu Ę T i for all i P JdK u. We proceed by partitioning
the edges E “ EF Y EN , where EF “ t tu, vu PE | ||u´ v||8 ą 1 u are all those edges connecting
breakpoints that are “far apart,” and EN “ t tu, vu PE | ||u´ v||8 “ 1 u are those edges connecting
breakpoints that are “nearby.” Using the notation A ˚B def“ t ta, bu | a PA,b PB u, we will construct
some families of subsets tpAF,k,BF,kqurFk“1 and tpAN,k,BN,kqurNk“1 such that we:
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1. enforce a subrectangle selection by covering exactly all far apart edges: EF “ŤrFk“1pAF,k ˚BF,kq,
2. enforce a triangle selection by covering all nearby edges: EN ĎŤrNk“1pAN,k ˚BN,kq, but
3. do not introduce unwanted edges:
ŤrN
k“1pAN,k ˚BN,kq ĎE.
To accomplish the subrectangle selection, we slightly modify the SOS2 constraint in the following
aggregated fashion; see Figure 7 for an illustration. For the x1 axis, take tpA˜k, B˜kqus1k“1 as a biclique
representation for the SOS2 constraint on d1 ` 1 breakpoints. Then the biclique representation
given by tpAF,1,k “ A˜kˆ Jd2` 1K,BF,1,k “ B˜kˆ Jd2` 1Kqus1k“1 yields
s1ď
k“1
pA˜F,1,k ˚ B˜F,1,kq “  tu, vu PEF ˇˇ |u1´ v1| ą 1 (ĎEF .
We repeat an analogous construction along the other axis, producing bicliques tpAF,2,k,BF,2,kqus2k“1
from a biclique cover for the SOS2 constraint on d2 ` 1 breakpoints, and observe that EF “`Ťs1
k“1pAF,1,k ˚BF,1,kq
˘ Y `Ťs2k“1pAF,2,k ˚BF,2,kq˘, satisfying the first condition above. Using the
LogIB formulation for both axes, the “subrectangle selection” step can be accomplished with a
biclique representation with rF “ s1` s2 “ rlog2pd1qs` rlog2pd2qs levels.
To accomplish the triangle selection, we construct a biclique representation tpAN,k,BN,kqurNk“1
that satisfies the second and third condition above. Namely, we perform the triangle selection
with rN “ 6 levels by applying a “stencil” construction along diagonal and anti-diagonal lines.
Appropriately, we call the resulting independent branching representation the 6-stencil, and we
illustrate the construction in Figure 8.
For each ρ PZ, consider the diagonal and anti-diagonal line on the grid V , offset by ρ as
DLρ
def“ ppj, j` ρq P V | j PNq
ADLρ
def“ ppj, pd2` 1q´ pj´ 1q` ρq P V | j PNq ,
with the ordering of the elements given as the first component increases (i.e. DL0 “
pp1,1q, p2,2q, . . . , pmintd1`1, d2`1u,mintd1`1, d2`1uq). Take EDLi “ t tu, vu PEN | u, v PDLρ u as
those nearby edges for which both ends lie on the diagonal line DLρ, and analogously with E
ADLρ “
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t tu, vu PEN | u, v PADLρ u for the anti-diagonal lines. We can observe that EN “ pŤρPZEDLρq Y
pŤρPZEADLρq.
Fix some ρ P Z, and focus for the moment on the diagonal line DLρ, which we presume is
nonempty (else take A˜DL,ρ “ B˜DL,ρ “H and proceed). Take pu1, . . . , uΥq as the ordering of the
subset Φρ
def“ Ťttu, vu P EDLρu Ď DLρ of the breakpoints on the diagonal line incident to edges
in EN ; it inherits its ordering from the ordering of DLρ. We will take A˜
DL,ρ, B˜DL,ρ Ă V as a
partition of Φρ (i.e. A˜
DL,ρ Y B˜DL,ρ “ Φρ and A˜DL,ρ X B˜DL,ρ “H) in the following way: we place
u1Ñ A˜DL,ρ, then either u2Ñ B˜DL,ρ if tu1, u2u PEN , or else u2Ñ A˜DL,ρ. We repeat this procedure
for k “ 2,3, . . . ,Υ, alternating the sets we place subsequent elements in (i.e. uk´1 Ñ A˜DL,ρ and
ukÑ B˜DL,ρ) if and only if the pair corresponds to a “nearby edge” (i.e. tuk´1, uku PEN); otherwise,
we place the subsequent element in the same set as the previous one (i.e. either tuk´1, uku Ď A˜DL,ρ
or tuk´1, uku Ď B˜DL,ρ). Intuitively, this means that if there is a “gap” in EN along the diagonal line,
we ensure that both ends of the gap lie in the same side of the biclique, to avoid adding an edge
that does not appear in E, ensuring we satisfy condition 3. As a concrete example, refer to the first
panel in Figure 8. For ρ“ 3, we have A˜DL,3 “ tp1,4q, p4,7q, p5,8qu and B˜DL,3 “ tp2,5q, p3,6q, p6,9qu,
whereas for ρ“´3 we have A˜DL,´3 “ tp5,2q, p8,5qu B˜DL,´3 “ tp6,3q, p7,4qu.
After applying an analogous construction to the anti-diagonal edges to produce
tpA˜ADL,ρ, B˜ADL,ρquρPZ, we have constructed the requisite bicliques to satisfy conditions 2 and 3:
EN Ď
˜ď
ρPZ
pA˜DL,ρ ˚ B˜DL,ρq
¸
Y
˜ď
ρPZ
pA˜ADL,ρ ˚ B˜ADL,ρq
¸
ĎE. (9)
It just remains to show that we can aggregate these (infinitely many) bicliques into just 6 levels,
while maintaining the second inclusion in (9) to satisfy condition 3. For this, note that for any
ρ,κ P Z with |ρ´ κ| ě 3, we have that ||u´ v||8 ě 2 for each u PDLρ and v PDLκ. Furthermore,
tu, vu PEF ĂE for any such u, v P V where ||u´ v||8 ě 2. Therefore, for any a P A˜DL,ρ ĎDLρ and
v P B˜DL,κ ĎDLj, we have that tu, vu PEF ĂE necessarily. This holds analogously for anti-diagonal
lines, so if we define
ADL,α “
ď
ρPp3Z`αq
A¯DL,ρ, BDL,α “
ď
ρPp3Z`αq
B¯DL,ρ
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AADL,α “
ď
ρPp3Z`αq
A¯ADL,ρ, BADL,α “
ď
ρPp3Z`αq
B¯ADL,ρ
for each α P t0,1,2u, then
EN Ď
˜ ď
αPt0,1,2u
ADL,α ˚BDL,αq
¸
Y
˜ ď
αPt0,1,2u
AADL,α ˚BADL,αq
¸
ĎE,
and so our construction satisfies condition 2 and 3 above with rN “ 6.
4.3. Combination of formulations
Since our formulations for bivariate piecewise linear functions are comprised of two (aggregated)
SOS2 constraints and a biclique representation for the “triangle selection”, we could potentially
replace the independent branching formulations for the two SOS2 constraints with any SOS2 for-
mulation and maintain validity. For example, we can construct a hybrid formulation for bivariate
functions over a grid triangulation by applying the ZZI formulation for the aggregated SOS2 con-
straint along the x1 and the x2 dimension, and the 6-stencil independent branching formulation
to enforce triangle selection. However, in general the intersection of ideal formulations will not be
ideal, with independent branching formulations being a notable exception. Fortunately, the follow-
ing proposition (proven in Appendix E) shows that this preservation of strength is not restricted
to independent branching formulations, but holds for any intersection of ideal formulations of
combinatorial disjunctive constraints.
Theorem 2. Fix m PN and take:
• U t “Ťsti“1P pT i,tq, where Ťsti“1 T i,t “ V , and
• Πt ĎRV ˆRrt such that t pλ, ztq PΠt | zt PZrt u is an ideal formulation of U t
for each t P JmK. Then, an ideal formulation for Şmt“1U t is$’&’% pλ, z1, . . . , zmq
ˇˇˇˇ
ˇˇˇ pλ, ztq PΠt @t P JmK
zt PZrt @t P JmK
,/./- . (10)
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Figure 7 The aggregated SOS2 independent branching formulation for subrectangle selection. The sets AF,1,k
(resp. BF,1,k) are the squares (resp. diamonds) in the first row; similarly for the sets AF,2,k and BF,2,k
in the second row.
Figure 8 The 6-stencil triangle selection independent branching formulation. The sets ADL,α (resp. BDL,α) are
the squares (resp. diamonds) in the first row (α“ 0,1,2 from left to right); similarly for the sets AADL,α
and BADL,α in the second row. The diagonal/antidiagonal lines covered in each level are circled.
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4.4. Computational experiments with bivariate piecewise linear functions
To study the computational efficacy of the 6-stencil approach, we perform a computational study
on a series of bicommodity transportation problems studied in Section 5.2 of Vielma et al. (2010).
The network for each instance is fixed with 5 supply nodes and 5 demand nodes, and the objective
functions are the sum of 25 concave, nondecreasing bivariate piecewise linear functions over grid
triangulations with d1 “ d2 “N for N P t4,8,16,32u. The triangulation of each bivariate function is
generated randomly, which is the only difference from (Vielma et al. 2010), where the Union Jack
triangulation was used. To handle generic triangulations, we apply the 6-stencil formulation for
triangle selection, coupled with either the LogE, ZZB, or ZZI formulation for the SOS2 constraints,
taking advantage of Theorem 2 (recall that LogE and LogIB coincide when d is a power-of-two). We
compare these new formulations against the CC, MC, and DLog formulations, which readily generalize
to bivariate functions. We note in passing that the Inc formulation approach also generalizes to
bivariate piecewise linear functions, but requires the computation of a Hamiltonian cycle (Wilson
1998), a nontrivial task which may not be practically viable for unstructured triangulations.
6-Stencil +
N Metric MC CC DLog LogE ZZB ZZI
4
Mean (s) 1.4 1.5 0.9 0.4 0.4 0.4
Std 1.3 1.5 0.6 0.2 0.2 0.2
Win 0 0 0 29 31 40
Fail 0 0 0 0 0 0
8
Mean (s) 39.3 97.2 12.6 2.7 3.0 3.0
Std 75.0 179.6 9.8 2.2 2.4 2.9
Win 0 0 0 51 17 32
Fail 0 0 0 0 0 0
16
Mean (s) 1370.9 1648.1 352.8 24.6 26.5 35.2
Std 670.4 360.8 499.4 24.5 27.4 40.4
Win 0 0 0 43 31 6
Fail 53 66 6 0 0 0
32
Mean (s) 1800.0 1800.0 1499.6 133.5 167.6 246.5
Std - - 475.2 162.7 226.7 306.6
Win 0 0 0 63 15 2
Fail 80 80 50 0 0 1
Table 6 Computational results for bivariate transportation problems on grids of size N “ d1 “ d2.
In Table 6, we see that the new formulations are the fastest on every instance in our test bed.
For N P t16,32u, we see an average speed-up of over an order of magnitude as compared to the
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DLog formulation, the best of the existing approaches from the literature. We see that the LogE 6-
stencil formulation wins a plurality or majority of instances for N P t8,16,32u, and that the hybrid
ZZI 6-stencil formulation is outperformed by the hybrid ZZB 6-stencil formulation by a non-trivial
amount on larger instances. In particular, we highlight the largest family of instances (N “ 32),
where existing methods are unable to solve 50 of 80 instances in 30 minutes or less, whereas our
new formulations can solve all in a matter of minutes, on average.
For completeness, we also perform bivariate computational experiments where N is not a power-
of-two, now adding the LogIB 6-stencil formulation as an option for the SOS2 constraints. We
present the results in Appendix F. Qualitatively the results are quite similar to those in Table 6,
although the hybrid ZZB and ZZI 6-stencil formulations perform slightly better on these instances,
relative to the LogE/LogIB formulations, as compared to when N is a power-of-two. There is no
significant difference between the LogE and LogIB 6-stencil formulations.
5. Computational tools for piecewise linear modeling: PiecewiseLinearOpt
Throughout this work, we have investigated a number of possible formulations for optimization
problems containing piecewise linear functions. The performance of these formulations can be highly
dependent on latent structure in the function, and there are potentially a number of formulations
one may want to try on a given instance. However, these formulations can seem quite complex
and daunting to a practitioner, especially one unfamiliar with the idiosyncrasies of MIP modeling.
Anecdotally, we have observed that the complexity of these formulations has driven potential users
to simpler but less performant models, or to abandon MIP approaches altogether.
This gap between high-performance and accessibility is fundamental throughout optimization.
One essential tool to help close the gap is the modeling language, which allows the user to express
an optimization problem in a user-friendly, pseudo-mathematical style, and obviates the need to
interact with the underlying optimization solver directly. Because they offer a much more welcom-
ing experience for the modeler, algebraic modeling languages have been widely used for decades,
with AMPL (Fourer et al. 1989) and GAMS (Rosenthal 2014) being two particularly storied and
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using JuMP, PiecewiseLinearOpt, CPLEX
model = Model(solver=CplexSolver())
@variable(model, 0 <= x[1:2] <= 4)
xval = [0,1,2,3,4]
fval = [0,4,7,9,10]
z1 = piecewiselinear(model, x, xval, fval, method=:Log)
g(u,v) = 2*(u-1/3)ˆ2 + 3*(v-4/7)ˆ4
dx = dy = linspace(0, 1, 9)
z2 = piecewiselinear(model, x[1], x[2], dx, dy, g, method=:ZZI)
@objective(model, Min, z1 + z2)
Figure 9 PiecewiseLinearOpt code to set the univariate function (1) as the objective, using the LogE formulation.
successful commercial examples. JuMP (Dunning et al. 2017) is a recently developed open-source
algebraic modeling language in the Julia programming language (Bezanson et al. 2017) which offers
state-of-the-art performance and advanced functionality, and is readily extensible.
To accompany this work, we have created PiecewiseLinearOpt, a Julia package that extends
JuMP to offer all the formulation options discussed herein through a simple, high-level modeling
interface. The package supports continuous univariate piecewise linear functions, and bivariate
piecewise linear functions over grid triangulations. It supports all the formulations used in the
computational experiments in this work, and can handle the construction and formulation of both
structured or unstructured grid triangulations. All this complexity is hidden from the user, who
can embed piecewise linear functions in their optimization problem in a single line of code with
the piecewiselinear function.
In Figure 9, we see sample code for adding piecewise linear functions to JuMP models. After
loading the required packages, we define the Model object, and add the x variables to it. We add the
univariate function (1) to our model, specifying it in terms of the breakpoints xval of the domain,
and the corresponding function values fval at these breakpoints. We call the piecewiselinear
function, while using the LogE formulation. It returns a JuMP variable z1 which is constrained
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to be equal to fpxq, and can then used anywhere in the model, e.g. in the objective function.
After this, we add a bivariate piecewise linear function to our model by approximating a nonlinear
function g on the box domain r0,1s2. We use the ZZI formulation along each axis x1 and x2;
it will automatically choose the triangulation that best approximates the function values at the
centerpoint of each subrectangle in the grid, and then use the 6-stencil triangle selection portion
of the formulation, as the triangulation is unstructured.
To showcase the PiecewiseLinearOpt package in a more practical setting, we consider a share-
of-choice product design problem arising in marketing (e.g. see (Bertsimas and Miˇsic´ 2017, Camm
et al. 2006, Wang et al. 2009)). We are given a product design space x P r0,1sη, along with with ν
customer types, each with a λi P r0,1s share of the market and a partworth (i.e. preference vector)
βi PRη. For each customer type i, the probability of purchase is pipxq “ 11`exppui´βi¨xq , where ui is
a minimum “utility hurdle” given by existing good products.
Given that the true preference vectors βi are typically unknown, we may consider a stochastic
optimization version of our problem. For each scenario s P JSK, we observe a realized preference
vector βi,s. Our objective is to select the product specification x in order to maximize the expected
number of purchases, while ensuring the product performance on each individual realized scenario
is not too poor. Mathematically, we may write the optimization problem as
max
x,µ,µ¯,p,p¯
νÿ
i“1
λip¯i (11a)
s.t. µ¯i “ 1
S
Sÿ
s“1
βi,s ¨x @i P JνK (11b)
p¯i “ 1
1` exppui´ µ¯iq @i P JνK (11c)
µsi “ βi,s ¨x @s P JSK, i P JνK (11d)
psi “ 11` exppui´µsi q @s P JSK, i P JνK (11e)
νÿ
i“1
λip
s
i ěC
νÿ
i“1
λip¯i @s P JSK (11f)
0ď xj ď 1 @j P JηK (11g)
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Metric Inc LogE ZZB ZZI
Mean (s) 880.9 3600.0 3525.5 776.2
Std 1202.9 - 316.1 1037.1
Win 5 0 0 13
Fail 2 18 17 1
Table 7 Aggregate statistics for share-of-choice problems with 50 piece discretizations.
Here C is some nonnegative scaling constant, and (11f) ensures that the expected number of
purchases in a given scenario is not significantly reduced from the overall expected purchases. Our
solution approach is to apply a piecewise linear approximation to the nonlinearities arising in (11c)
and (11e). This can be easily accomplished with the PiecewiseLinearOpt package, as the code in
Figure 10 illustrates.
In Table 7 we report the computational performance of high-performing formulations for 18
randomly generated instances of the share-of-choice problem with a η “ 15 dimensional product
design space, ν “ 20 customer types, S “ 12 scenarios, scaling constant C “ 0.2, and N “ 50 pieces
for each piecewise linear discretization. We observe that the ZZI formulation is the best performer
on the majority of instances, and substantially outperforms the LogE formulation, which is unable
to solve any instance to optimality in 30 minutes or less. Note that for this problem the piecewise
linear function will appear in both the objective and the constraints of the optimization problem.
We believe that this exemplifies the value of PiecewiseLinearOpt, and modeling languages more
generally: it allows a user to quickly and easily write their problem as code, and then iterate
as-needed to solve more quickly or to add complexity. For example, we can alter the breakpoint
values in the code in Figure 10 to modify the model to produce feasible solutions and upper bounds
on the optimal solution. We hope that this simple computational tool will make the advanced
formulations available for modeling piecewise linear functions more broadly accessible to researchers
and practitioners.
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Endnotes
1. We refer the reader interested in modeling discontinuous functions to Vielma et al. (2010).
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using JuMP, Distributions,PiecewiseLinearOpt
model = Model()
@variable(model, 0 <= x[1:eta] <= 1)
@variable(model, mu[1:nu, 1:S])
@variable(model, mu_bar[1:nu])
@variable(model, p[1:nu, 1:S])
@variable(model, p_bar[1:nu])
for i in 1:nu
@constraint(model, mu_bar[i] == 1/S * sum(dot(beta[i,s], x) for s in S))
f(t) = 1 / (1 + exp(u[i] - t))
@constraint(model, p_bar[i] == piecewiselinear(model, mu_bar[i], prob_min[i], prob_max[i], f)
for s in 1:S
@constraint(model, mu[i,s] == dot(beta[i,s], x))
@constraint(model, p[i,s] == piecewiselinear(model, mu[i,s], scen_prob_min[i,s], scen_prob_max[i,
s], f))
end
end
for s in 1:S
@constraint(model, sum(lambda[i]*p[i,s] for i in 1:nu) >= C * sum(lambda[i]*p_bar[i] for i in 1:nu))
end
@objective(model, Max, sum(lambda[i]*p_bar[i] for i in 1:nu))
Figure 10 PiecewiseLinearOpt code to solve a stochastic share-of-choice problem.
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Appendix A: Binary reflected Gray codes, related encodings, and proof of Proposition 3
The following straightforward lemma gives a recursive construction for Kr, Cr, and Zr.
Lemma 1. K1 “C1 “Z1 def“ p0,1qT , and for r PN (and d“ 2r):
Kr`1 def“
ˆ
Kr 0r
revpKrq 1r
˙
, Cr`1 def“
ˆ
Cr 0r
Cr`1rbCrr 1r
˙
, and Zr`1 def“
ˆ
Zr 0r
Zr 1r
˙
,
where 0r,1r PRr are the vectors with all components equal to 0 or 1, respectively, ubv“ uvT PRmˆn
for any u PRm and v PRn, and revpAq reverses the rows of the matrix A.
Proof of Proposition 3 First, we observe that Kr,Zr P t0,1udˆr and that A is an invertible
linear map. Therefore, for each r P N, Kr, Cr, and Zr are in convex position. Additionally, as
Kr and Zr are binary matrices, they are trivially hole-free. Additionally, the hole-free property
is inherited by Cr from Zr since A is invertible and linear, and both A and A´1 are unimodular
(Apwq PZr if and only if w PZr).
Now the result is direct from Proposition 2, as tci ” Cri`1 ´ Cri ud´1i“1 “ tekurk“1, where ek is
the canonical unit vector with support on component k, and the inverse of A is A´1pyqk “ yk `řr
`“k`1 2
`´k´1y` for each k P JrK. Formulations (4) and (5) correspond to encodings Cr and Zr,
respectively. ˝
Appendix B: An example where LogE and LogIB do not coincide
Consider the SOS2 instance with d“ 3 segments. The LogE formulation is all pλ,yq P∆4ˆ t0,1u2
such that
λ3`λ4 ď y1, λ2`λ3`λ4 ě y1 (12a)
λ4 ď y2, λ3`λ4 ě y2. (12b)
This follows from Proposition 2, after observing that the spanning hyperplanes needed are given
by the directions b1 “ p1,0q and b2 “ p0,1q.
The LogIB formulation is all pλ,yq P∆4ˆt0,1u2 such that
λ3 ď y1, λ2`λ3`λ4 ě y1 (13a)
λ4 ď y2, λ3`λ4 ě y2. (13b)
This follows from Proposition 4, after observing that a biclique cover for the conflict graph edge
set E “ tt1,3u, t1,4u, t2,4uu is A1 “ t3u, B1 “ t1u, A2 “ t4u, and B2 “ t1,2u. We then transform
the formulation using the equation λ1 ` λ2 ` λ3 ` λ4 “ 1 to present the LogIB formulation in a
way analogous to (12), where we can observe that the first inequality in (12a) differs from the first
inequality in (13a).
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Appendix C: 8-segment piecewise linear function formulation branching
Consider the univariate piecewise linear function f : r0,8sÑR given by
fpxq “
$’’’’’’’’’’’’&’’’’’’’’’’’’%
8x 0ď xď 1
7x` 1 1ď xď 2
6x` 3 2ď xď 3
5x` 6 3ď xď 4
4x` 10 4ď xď 5
3x` 15 5ď xď 6
2x` 21 6ď xď 7
x` 28 7ď xď 8.
(14)
The corresponding LogIB/LogE formulation is
x“ λ2` 2λ3` 3λ4` 4λ5` 5λ6` 6λ7` 7λ8` 8λ9 (15a)
z “ 8λ2` 15λ3` 21λ4` 26λ5` 30λ6` 33λ7` 35λ8` 36λ9 (15b)
λ3`λ7 ď y1 ď λ2`λ3`λ4`λ6`λ7`λ8 (15c)
λ4`λ5`λ6 ď y2 ď λ3`λ4`λ5`λ6`λ7 (15d)
λ6`λ7`λ8`λ9 ď y3 ď λ5`λ6`λ7`λ8`λ9 (15e)
pλ,yq P∆9ˆt0,1u3, (15f)
and the corresponding ZZI formulation is
x“ λ2` 2λ3` 3λ4` 4λ5` 5λ6` 6λ7` 7λ8` 8λ9 (16a)
z “ 8λ2` 15λ3` 21λ4` 26λ5` 30λ6` 33λ7` 35λ8` 36λ9 (16b)
λ3`λ4` 2λ5` 2λ6` 3λ7` 3λ8` 4λ9 ď y1 ď λ2`λ3` 2λ4` 2λ5` 3λ6` 3λ7` 4λ8` 4λ9 (16c)
λ4`λ5`λ6`λ7` 2λ8` 2λ9 ď y2 ď λ3`λ4`λ5`λ6` 2λ7` 2λ8` 2λ9 (16d)
λ6`λ7`λ8`λ9 ď y3 ď λ5`λ6`λ7`λ8`λ9 (16e)
pλ,yq P∆9ˆZ3 (16f)
In Table 8, we show statistics for the relaxations of the both. We observe that the ZZI formulation
yields more balanced branching.
Statistic LogE 0 Ó LogE 1 Ò ZZI 0 Ó ZZI 1 Ò ZZI 1 Ó ZZI 2 Ò ZZI 2 Ó ZZI 3 Ò ZZI 3 Ó ZZI 4 Ò
Volume 41 17 0 38.5 11.5 27 27 11.5 38.5 0
Strengthened Prop. 0 1 1 0.25 0.75 0.5 0.5 0.75 0.25 1
Table 8 Metrics for each possible branching decision on z1 for LogE and ZZI applied to (14).
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Figure 11 Feasible region in the px, zq-space for the LogE formulation (15) after: down-branching y1 ď 0 (left),
and up-branching y1 ě 1 (right).
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Figure 12 Feasible region in the px, zq-space for the ZZI formulation (16) after: (Top first column) down-
branching on y1 ď 0, (Bottom first column) up-branching on y1 ě 1; (Top second column)
down-branching on y1 ď 1, (Bottom second column) up-branching on y1 ě 2; (Top third column)
down-branching on y1 ď 2, (Bottom third column) up-branching on y1 ě 3; (Top fourth column)
down-branching on y1 ď 3, and (Bottom fourth column) up-branching on y1 ě 4.
d Metric MC CC SOS2 Inc DLog LogE LogIB ZZB ZZI
6
Mean (s) 0.8 2.7 0.2 0.5 0.7 0.7 0.7 1.0 0.7
Std 0.4 3.4 0.2 0.2 0.8 0.7 0.8 0.8 0.6
Win 0 0 95 2 1 1 0 0 1
Fail 0 0 0 0 0 0 0 0 0
13
Mean (s) 4.2 13.4 0.9 1.9 4.1 5.2 2.1 2.5 2.7
Std 4.8 15.3 1.0 0.9 4.5 6.0 2.9 2.6 2.3
Win 0 0 90 4 0 0 1 2 3
Fail 0 0 0 0 0 0 0 0 0
28
Mean (s) 30.3 95.2 3.9 6.1 9.2 6.1 3.3 4.4 4.4
Std 43.0 261.3 8.1 5.2 8.7 10.2 2.7 4.6 3.7
Win 0 0 63 1 1 7 8 7 13
Fail 0 2 0 0 0 0 0 0 0
59
Mean (s) 265.5 372.3 1781.2 24.3 7.3 12.6 9.1 7.5 6.0
Std 409.5 530.0 134.7 23.1 6.7 12.5 9.3 7.2 5.3
Win 0 0 0 0 10 20 16 5 49
Fail 2 8 98 0 0 0 0 0 0
Table 9 Computational results with Gurobi for univariate transportation problems on small networks.
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d Metric MC CC SOS2 Inc DLog LogE LogIB ZZB ZZI
28
Mean (s) 124.6 245.8 1784.8 31.5 27.1 19.8 16.3 19.7 17.0
Std 192.9 321.4 151.9 16.1 15.8 15.3 6.8 11.3 9.3
Win 0 0 0 0 5 16 38 11 30
Fail 0 2 99 0 0 0 0 0 0
59
Mean (s) 619.4 901.2 1800.0 87.3 23.9 27.4 26.3 24.7 20.9
Std 560.3 683.5 - 53.6 19.7 11.8 14.1 16.5 16.1
Win 0 0 0 0 10 9 20 7 54
Fail 12 27 100 0 0 0 0 0 0
Table 10 Computational results with Gurobi for univariate transportation problems on large networks.
6-Stencil +
N Metric MC CC DLog LogE ZZB ZZI
4
Mean (s) 1.1 1.8 0.7 0.3 0.3 0.3
Std 0.8 1.6 0.6 0.1 0.1 0.1
Win 0 0 0 43 20 37
Fail 0 0 0 0 0 0
8
Mean (s) 13.0 54.9 12.4 2.1 2.3 2.1
Std 12.5 79.9 14.8 2.2 2.1 1.9
Win 0 0 0 52 19 29
Fail 0 0 0 0 0 0
16
Mean (s) 440.8 1154.9 266.7 16.0 18.7 16.2
Std 560.9 724.3 438.3 21.1 20.6 18.8
Win 0 0 0 45 12 23
Fail 6 39 3 0 0 0
32
Mean (s) 1521.6 1799.0 1291.1 111.6 129.0 121.0
Std 515.6 - 599.8 145.8 156.6 163.6
Win 0 0 0 48 10 22
Fail 56 79 38 0 0 0
Table 11 Computational results with Gurobi for bivariate transportation problems on grids of size N “ d1 “ d2.
Appendix D: Computational results with Gurobi
• See Table 9 for univariate computational results on small networks (cf. Table 3).
• See Table 10 for univariate computational results on large networks (cf. Table 4).
• See Table 11 for bivariate computational results (cf. Table 6).
Appendix E: Proof of Theorem 2
For simplicity, assume w.l.o.g. that V “ JnK. Let
Π“
!
pλ, z1, . . . , zmq PRn`řmi“1 ri ˇˇˇ pλ, ztq PΠt @t P JmK)
be the LP relaxation of (10). Because the original formulations are ideal (and therefore also sharp),
we have
ProjλpΠq “
mč
t“1
ProjλpΠtq “
mč
t“1
ConvpU tq Ď∆n “Conv
˜
mč
t“1
U t
¸
,
and hence (10) is sharp, as ProjλpΠq “∆n.
To show (10) is also ideal, consider any point pλˆ, zˆ1, . . . , zˆmq P Π. First, we show that if this
point is extreme, then λˆ“ ev for some v P JnK. Consider some point where λˆ is fractional; w.l.o.g.,
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presume that 0 ă λˆ1, λˆ2 ă 1. Define λ` def“ λˆ ` e1 ´ e2 and λ´ def“ λˆ ´ e1 ` e2 for sufficiently
small  ą 0; clearly λˆ “ 1
2
λ` ` 1
2
λ´. We would like to construct points zt,` and zt,´ for each
t P JmK such that zˆt “ 1
2
zt,`` 1
2
zt,´, and such that pλ`, zt,`q, pλ´, zt,´q PΠt. Then pλˆ, zˆ1, . . . , zˆmq “
1
2
pλ`, zˆ1,`, . . . , zˆm,`q ` 1
2
pλ´, zˆ1,´, . . . , zˆm,´q is the convex combination of two other feasible points
for Π, and so is not extreme.
For a given t P JmK, define Et “  pk,hq ˇˇ pek, hq P extpΠtq (, which is equivalent to the set
of all extreme points of Πt. As pλˆ, zˆtq P Πt, there must exist some γt P ∆Et where pλˆ, zˆtq “ř
pk,zqPEt γ
t
pk,zqpek, hq. As 1,2 P supppλˆq, there must exist some h˜t and h`t wherein p1, h˜tq, p2, h`tq PEt
and 0ă γtp1,h˜tq, γtp2,h`tq ă 1. Now define
γt,˘pk,hq “
$’&’%
γtpk,hq˘  k“ 1, h“ h˜t
γtpk,hq¯  k“ 2, h“ h`t
γtpk,hq o.w.
Note that, as γt P∆Et , so is γt,˘ P∆Et . Therefore, we may take
zt,` def“
ÿ
pk,hqPEt
γt,`pk,hqh“ h˜t´ h`t`
ÿ
pk,hqPEt
γtpk,hqh
zt,´ def“
ÿ
pk,hqPEt
γt,´pk,hqh“´h˜t` h`t`
ÿ
pk,hqPEt
γtpk,hqh.
Then we may observe that zt,`, zt,´ PΠt, and that zˆt “ 1
2
zt,`` 1
2
zt,´. Now see that
λ˘ “
ÿ
pk,hqPEt
γt,˘pk,hqe
k “
ÿ
pk,hqPEt
γtpk,hqe
k˘ e1¯ e2 “ λˆ˘ e1¯ e2
Therefore, for each t P JmK, we have that pλ`, zt,`q, pλ´, zt,´q PΠt, and that pλˆ, zˆtq “ 1
2
pλ`, zt,`q `
1
2
pλ´, zt,´q. This implies that pλ`, h1,`, . . . , hm,`q, pλ`, h1,´, . . . , hm,´q PΠ and that pλˆ, zˆ1, . . . , zˆmq “
1
2
pλ`, h1,`, . . . , hm,`q ` 1
2
pλ´, h1,´, . . . , hm,´q. Therefore, as our original point is a convex combina-
tion of two distinct points also feasible for Π, it cannot be extreme. Therefore, we must have that
λ“ ev for some v P JnK for any extreme point of Π.
Now, assume for contradiction that Π has a fractional extreme point. Using property of extreme
points just stated, we may assume without loss of generality that this fractional extreme point is
of the form pe1, zˆ1, . . . , zˆmq with zˆ1 R Zr1 . As pe1, zˆ1q PΠ1, then pe1, zˆ1q “řpv,hqPE1 γpv,hqpev, hq for
some γ P∆E1 . Also, as Π1 is ideal and zˆ1 is fractional, pe1, zˆ1q R extpConvpΠ1qq, and so γ must have
at least two non-zero components. But then
pλˆ, zˆ1, zˆ2, . . . , zˆmq “
ÿ
pv,hqPE1
γpv,hqpe1, h, zˆ2, . . . , zˆmq,
a contradiction of the points extremality. Therefore, Π is ideal.
Appendix F: Non-power-of-two bivariate computational results
See Table 12.
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N Metric MC CC DLog LogE LogIB ZZB ZZI
6
Mean (s) 9.2 20.8 4.7 1.2 1.5 1.5 1.1
Std 12.0 33.0 3.4 0.7 1.1 1.2 0.6
Win 0 0 0 31 9 12 48
Fail 0 0 0 0 0 0 0
13
Mean (s) 1092.9 1507.9 320.3 16.8 16.5 17.3 18.1
Std 729.7 535.4 478.7 18.6 15.7 18.6 19.3
Win 0 0 0 16 26 23 15
Fail 37 58 4 0 0 0 0
28
Mean (s) 1768.1 1800.0 1426.2 127.3 131.2 113.4 192.7
Std 139.6 - 513.5 174.5 188.7 129.7 254.9
Win 0 0 0 20 26 31 3
Fail 75 80 46 0 0 0 0
Table 12 Computational results for transportation problems whose objective function is the sum of bivariate
piecewise linear objective functions on grids of size N “ d1 “ d2, when N is not a power-of-two.
